Abstract. We compute the radiative decay rate and the quantum efficiency for an emitter coupled to gold nanorods and nanospheroids using the bodyof-revolution finite-difference time-domain method. We study these quantities as a function of the nanoparticle aspect ratio and volume, showing that large enhancements can be achieved with realistic parameters. Moreover, we find that nanospheroids exhibit better performances than nanorods for applications in the visible and near-infrared spectral range.
Introduction
The electric field enhancement near rough metal surfaces and metal nanoparticles has been extensively studied in the context of field-enhanced spectroscopy [1, 2] . Recently, the progress in nano-optics has made possible the investigation of configurations where a single molecule is at a controlled distance from a gold nanoparticle [3, 4] . Under appropriate conditions this nanoscopic object can act as an nanoantenna, in the sense that it channels the excitation light to the molecule and extracts its fluorescence to the far field more efficiently than if the emitter were in free space [5] . The required electromagnetic resonance that establishes these properties is the localized plasmon mode, which can be spectrally tuned in the visible and near-infrared range by choice of the material, shape and size [6] . The amplitude and polarization of the electromagnetic field near the nanoparticle are very strongly distance-dependent. The matter is further complicated, however, because at distances close to the metallic object fluorescence can be quenched [7, 8] . Several theoretical [8] - [13] and experimental [14] - [20] efforts have studied various aspects of the radiative properties of emitters coupled to nanoantennas. Other types of plasmonic structures such as metal nanowires are also currently being investigated for controlling light-matter interaction [21, 22] . In our laboratory, we have succeeded in separating the effects of excitation enhancement, spontaneous emission modification, and nonradiative decay of a single molecule interacting with a single gold nanoparticle [4, 23] . [4] . Assuming that the collection efficiency does not change when the emitter is coupled to the nanoantenna, the signal enhancement can be written as
where E is the new local electric field. The modified quantum efficiency η is related to η o and the radiative decay rate enhancement (Purcell factor) F by [24] 
where the antenna efficiency η a is the fraction of the molecular fluorescence that is not dissipated by the nanoantenna into metal losses [8, 24] . Equation (2) presents two limiting cases. For
Because η a is always less than one, the quantum efficiency can only be reduced. However, the fluorescence signal S can still be enhanced if η a is not too small and E is sufficiently larger than E o . For η o 1, η depends both on F and on η a . In particular, if F 1/η o the quantum efficiency approaches η a . In this case, a strong Purcell factor improves the quantum efficiency, which further contributes to the fluorescence enhancement, as shown in equation (1) . It is worth mentioning that a faster decay rate also increases the emitter saturation threshold, thus enabling the absorption and emission of more photons per second.
These considerations imply that improving fluorescence with a nanoantenna requires systems that deliver at the same time a strong local electric field E, a large Purcell factor F and an antenna efficiency η a close to one. While there are many examples of nanostructures that exhibit a strong field enhancement [25] - [33] , fewer studies of F and η a have been reported [8] - [12] , [34] - [36] . However, it should be noted that the field intensity enhancement and the 3 Purcell factor are related to each other by the antenna directivity [37] and for a nanoantenna that does not modify the radiation pattern of the emitter, these two quantities are equal [37, 38] . We have recently shown that gold nanospheroids can increase the radiative decay rate by three orders of magnitude, whereas η a remains close to one [36] . Here, we present a more detailed study of nanospheroids [9, 10, 27, 33] and compare them with gold nanorods [30, 31, 33, 39] . We focus on the wavelength range between 600 nm and 1100 nm, which covers the emission frequency of several molecules [3, 4, 19, 20] and nanocrystals [14, 15] . Furthermore, we consider only the case where the emitter is placed at and oriented along the longitudinal axis of the nanoparticle [36] and, to investigate an experimentally feasible situation, we set the distance between emitter and nanoparticle to no less than 10 nm.
The paper is organized as follows. In section 2, we briefly describe the approach for the calculation of the decay rates. In section 3, we present and discuss results for single and paired gold nanorods, and for paired gold nanospheroids. In section 4, we draw some conclusions.
Computational approach
The decay rates can be obtained using classical electrodynamics if the ratios of the modified rates with respect to the values in vacuum or in a homogeneous background are considered [40] . Because the nanoantenna introduces a certain amount of losses, we have to consider both the radiative rad and the total tot decay rates. We compute these quantities by considering the power emitted by a classical oscillating dipole and normalize it with respect to the case without a nanoantenna.
where P rad is the power radiated to the far field and P tot is the total power, i.e. including that absorbed by the metal. The superscripts indicate the quantities for an isolated emitter in the same background medium as the nanoantenna. (2) are thus given by F = rad / o rad and η a = rad / tot . P rad and P tot are given by integrating the Poynting vector over two surfaces that contain the dipolar source and the nanoantenna (see figure 1(b) ). The inner surface collects the total emitter power, whereas the outer surface collects the radiated power.
Because we consider nanoantennas having dimensions comparable with the effective wavelength of light in the metal [41] , we need to take electrodynamic effects fully into account [12] . These quantities can be computed using the finite-difference time-domain (FDTD) method [42] . Since the onset of large electric fields at the nanoparticle surface and the nanoscale geometry require fine meshes for getting accurate results [36] , [42] - [44] , even if the overall size of the system is small the computational burden becomes considerable. However, since the nanoantenna and the source exhibit rotational symmetry, we can exploit the body of revolution (BOR) technique in the FDTD method [45] to reduce the original three-dimensional (3D) problem to a 2D one (see figure 1 ). When we deal with very fine meshes, the BOR-FDTD method can significantly decrease the required memory and computation time. This approach has been used in various applications such as modeling wave propagation through optical In the BOR-FDTD approach the 3D problem can be reduced to a 2D one by considering only a plane containing the z-axis. The total and radiated powers are computed using the Poynting theorem (red lines). The mesh is truncated using PML absorbing boundary conditions (blue line).
lenses [46] , resonant cavities [47] , and the calculation of spontaneous emission lifetime in a microcavity [48] .
For a rotationally symmetric problem, the electric and magnetic fields in cylindrical coordinates can be expressed as an infinite Fourier-series expansion of the form
where m is the mode number. For isotropic materials, these modes are uncoupled from each other, and their number depends on the excitation symmetry. In our case, where a dipole is located at and directed along the symmetry axis z, only the zeroth-order mode is necessary (m = 0). Furthermore, only three electromagnetic-field components are required (E ρ,e,0 , E z,e,0 and H φ,e,0 ), corresponding to a transverse magnetic mode. As shown in figure 1(b) , we employ perfectly-matched-layer (PML) absorbing boundary conditions to truncate the computational domain without introducing spurious reflections [49] . The dielectric function of the gold nanoantenna [50] is modeled as described in [42] by a Drude-Lorentz dispersion model. Moreover, the nanoantenna is embedded in glass (n b = 1.5). In the following we set the mesh pitch to 1 nm. Convergence studies down to 0.5 nm show that the results may change by up to 5% depending on the specific nanoantenna configuration. 
Nanorods
We first consider an emitter coupled to a single gold nanorod, as sketched in the inset of figure 2(a). The emitter is at a fixed orientation and distance d = 10 nm from the nanorod, while the nanoparticle aspect ratio and volume change. Moreover, we focus on nanorods that are up to 100 nm long to obtain plasmon resonances in the visible and near-infrared spectral range. Figures 2(a) -(c) show that the plasmon peak redshifts when the nanorod long axis a increases or the nanorod short axis b decreases. Therefore, by tuning the aspect ratio b/a one can easily place the plasmon resonance at the desired spectral location [31, 33] . The Purcell factor is close to 600 for wavelengths around 1000 nm. However, when the resonance shifts toward the visible spectrum, the enhancement rapidly drops to values below 100. Another important quantity that enters equation (2) is the antenna efficiency η a . As shown in figures 2(a)-(c), η a increases with the volume of the nanorod, i.e. as b becomes larger. Unfortunately, the largest Purcell factors correspond to the lowest efficiencies because a higher aspect ratio implies a reduced volume. Interestingly, for this system the antenna efficiency is not smaller at the plasmon resonance as predicted for a nanosphere [34] and an SNOM tip [35] . Instead, as one can see by comparison of figure 2(a) with figure 2(c), when the resonance moves toward shorter wavelengths, η a gets larger. This happens despite the fact that material losses in the nanoparticle increase in going to higher frequencies [50] , showing that the plasmon resonance plays a fundamental role in keeping the antenna efficiency high. In summary, a single gold nanorod cannot establish a very large Purcell factor and a high η a at the same time, when the emitter is at least 10 nm away from the nanoantenna.
Because we have chosen to fix d to 10 nm in this work, we now explore other solutions for achieving better performance. A straightforward approach is to place the emitter between two nanorods, each 10 nm away from it, as shown in the inset of figure 3(c) . The Purcell factor now reaches values up to 3000, but it quickly falls as the aspect ratio decreases. Moreover, because the interaction between the two nanorods redshifts the plasmon resonance, obtaining a strong enhancement at wavelengths below 750 nm has become more difficult. The shift of the plasmon resonance manifests itself also in η a , which increases with the wavelength slightly less rapidly than in figure 2, but it reaches a higher plateau [36] . Furthermore, like for the case of a single nanorod, the largest Purcell factors occur with the lowest antenna efficiencies.
In figures 2 and 3, the steep decrease of the Purcell factor in reducing the aspect ratio comes from the fact that the head of the nanorods is flat. Thus the localized field enhancement is rapidly lost when the nanorod gets thicker. To avoid this issue we consider nanorods with rounded ends, presented in figure 4 . In comparing figure 3(b) with figure 4, we notice three important aspects. Firstly, for high aspect ratios the rounded nanorods exhibit smaller Purcell factors, while the antenna efficiency remains almost the same. Secondly, for low aspect ratios these nanorods lose their Purcell enhancement slightly more slowly than the flat ones, but the redshift of the resonance peak is much weaker. Consequently, finding a structure that has a strong enhancement at shorter wavelengths is easier. Thirdly, the antenna efficiency reaches its plateau already at wavelengths close to 650 nm if the aspect ratio is less than 2. Thus, for the parameters considered here, rounding the nanorod ends is advantageous for getting large Purcell factors near the visible range, whereas at large aspect ratios flat ends yield a better enhancement. To emphasize these aspects, in figure 5 we compare the two systems as a function of the particle length a, while keeping the width b fixed. For a = 80 the nanorods with rounded ends exhibit a slightly stronger Purcell factor than those with flat ends, and the peak is shifted by nearly 150 nm toward the visible range. 
Nanospheroids
In the previous section, we have seen that in the chosen spectral range nanorods can lead to large enhancements only for high aspect ratios, which unfortunately correspond also to lower antenna efficiencies. By rounding the nanorod ends the Purcell factor remains higher for smaller aspect ratios, where η a is closer to one. To improve the enhancement, next we consider nanospheroids [9, 10, 27, 33, 36] , which have similar geometrical parameters but sharper ends than nanorods. Figures 6(a) -(c) present the Purcell factor and η a for various aspect ratios and volumes of the nanoparticles. Compared to nanorods the enhancement is larger at shorter wavelengths because the reduced aspect ratio is partially compensated by a sharper rounding of the nanoparticle ends. Therefore, we conclude that nanospheroids perform better than nanorods in the spectral range between 600 and 900 nm if both the Purcell factor and the antenna efficiency have to be optimized. Antenna efficiency η a (dashed curves) and Purcell factor F (solid curves) for an emitter coupled to two gold nanospheroids of various aspect ratios and volumes. The emitter position and the nanospheroid parameters are as given in figure 6 (a = 60-100 nm).
In figure 7 , we focus on a selection of the data from figure 6 , where the nanoparticle width b is fixed to be 40 nm, whereas the length a changes from 60 to 100 nm. The results show that a large Purcell factor together with a high antenna efficiency are achieved for shorter wavelengths than for the nanorods discussed in figure 5 . In particular, notice the enhancement of about 400 with an antenna efficiency of 70% obtained at wavelengths as short as 650 nm.
These results have been obtained assuming that the emitter is fixed at a distance of 10 nm from the nanoparticles. However, it is well known that the enhancement rapidly falls off when the distance increases [8, 36] . Figure 8 displays the effect for the system under study and for selected dimensions (a = 100 nm and b = 40 nm). Here, the distance varies from both nanoparticles, such that d = 20 nm corresponds to two nanospheroids separated by 40 nm with the emitter at the center of the gap. Despite the reduced enhancement, the Purcell factor is still more than 100 for d = 20 nm. On the other hand, the antenna efficiency does not change much, suggesting that the emitter can be still placed closer to the nanoparticle without a significant increase of losses [36] . The inset in figure 8 represents a snapshot of the electric field generated by the emitter acting as a dipolar source. The wavelength is on resonance and the emitter is at a distance d = 10 nm from the nanospheroids. The plot illustrates that the enhancement drops with distance because the near field of the dipolar source is strongly confined. In particular, because it decays more rapidly than the near field of the nanoparticles, it turns out that the best position for the emitter is not at the center of the nanoantenna gap. Figure 9 explains this concept for the case where the nanospheroids are separated by 30 nm and the emitter is displaced 1 to 5 nm along the nanoparticle axis away from the center. The Purcell factor gets larger as the emitter approaches one nanoparticle. Notice that as the system becomes asymmetric, the excitation of a higher order resonance at 750 nm becomes noticeable. This is not a serious issue, because the emitter has a much narrower linewidth than the plasmon resonance. However, we have to keep in mind that the displacement also affects the emission pattern [4, 23, 36, 51] , [52] - [54] , as shown in the inset of figure 9 , and the polarization [55] . These effects are even stronger for smaller antenna gaps and shorter distances (not shown here). We point out that also for an emitter coupled to a single nanoparticle the emission pattern is modified [12, 23, 51, 54] . The inset of figure 9 also shows the far-field profile of an isolated dipole (dashed curve) to stress the fact that even when the emitter is at the center of the nanoantenna gap its radiation pattern has changed (see the black curve). Therefore, the Purcell factor and the field intensity enhancement are similar, but not equal [37] . Moreover, because the antenna directivity is also wavelength-dependent, these two quantities cannot be matched by simply applying a scaling factor. However, since the deviation from dipolar emission is small, our results on the Purcell factor are also applicable to the field enhancement at the emitter position and they are thus related to previous work [27, 31, 33] .
Conclusions
We have used the BOR-FDTD method to calculate the decay rates of an emitter coupled to a gold nanoantenna. Although the model is limited to emitters located and oriented such that the system preserves cylindrical symmetry, BOR-FDTD allows the study of several systems with the computational burden and speed of a 2D FDTD calculation. We have considered single and paired nanorods as well as paired nanospheroids. In the spectral range between 600 and 900 nm, we have found that nanospheroids exhibit a better performance than nanorods in terms of Purcell factor F and antenna efficiency η a . The reason for this is that they are sharper than nanorods when the aspect ratio is small. We also find that the enhancement is larger if the emitter is closer to one of the two nanoparticles, rather than being at the center. Such a symmetry breaking also implies a modification of the emission pattern. Choosing a different background index will cause a spectral shift of the antenna resonance, but the general findings remain valid. These results highlight the fact that experiments require great control over the emitter position, especially if large enhancements are desired. Mastering these properties in the laboratory will make gold nanospheroids very attractive for applications in fieldenhanced spectroscopy, optoelectronics and active metamaterials at visible and near-infrared frequencies.
